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Hardness Profile: A Critical Study
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The change in hardness and chemical potential along a reaction coordinate has been studied on the basis of
the finite difference formula for hardness and chemical potential. The conditions where the hardness profile
can have an extremum along the reaction coordinate are identified. Numerical demonstrations of inversion of
the NH; molecule and Cklradical and isomerization of HCN to HNC are given in support of the theoretical
results.

1. Introduction addition, that the hardness value goes through a minimum at or
near the transition state (TS):1” These observations were seen
as a corollary of the PMH, which also show that the PMH may
hold well in many cases even if the constraints«adnd v are
relaxed to some extent.

Owing to the discontinuity in thé& vs N curve, Parr and
Pearsof proposed the following operational definition of the
chemical potential and hardness from a finite difference ap-
proach:

In recent years, density functional theory (DFT) has been
emerging as an important and computationally inexpensive
guantum chemical tool for studying various chemical problems.
DFT-based reactivity descriptotssuch as chemical potential
(u) and hardnessy§, have now been extensively used for
rationalization and interpretation of diverse aspects of chemical
binding and reaction mechanism. The chemical potential and

hardness are defined as follo#3:
u=—"1(IE + EA) (3)

=[N @
“=5N]. n=",(IE — EA) 4)
1[ 52E 1s where |IE and EA are the first vertical ionization energy and
n= ol ong = > 5‘% 2 electron affinity, respectively. Following Koopmans’ theorem,
ON"Jw ' the chemical potential and hardness values can be approximated
in terms of the energies of the highest occupied molecular orbital

whereE, N, andv represent, respectively, the energy, the number (HOMO) and lowest unoccupied molecular orbital (LUMO) as

of electrons, and the external potential of the system. The

. . i ; _1
chemical potential characterizes the escaping tendency of 1= "T(e.umo T €romo) (5)
electrons, and the hardness can be seen as a resistance to electron
transfert Apart from these two global reactivity parameters, 1 ="1{eLumo — €Homo) (6)

there are DFT-based local parameters, such as the Fukui functio
[f(r)]® and local softness(r)]. These local parameters are found
to be very useful for explaining chemical reactiitand
especially for the interpretation of regioselectivity in various

"rhe finite difference definitions oft and n are henceforth
referred to as operational chemical potential and operational
hardness, respectively. The operational chemical potential and
aditi fioné-—2 hardness have been used in almost all the studies of hardness
a T;1|0n r:eac ion f' hemical ial and hard | and chemical potential profiles for chemical reactions. Although
e change of chemical potential and hardness along & ag peen reported from numerical observations that the
reaction coordinate has been found to be useful to understandnardness goes through a minimum at thé%E®d that the most
various aspects of the progress of a chemical reaétidhin stable conformer of a species has the highest hardness*alue,
fact, itis a'Wa?yS interesting to observe .hOW a mo_IecuIar Property 1y critical analysis has so far been made for understanding the
changes during the course qf a Che”?'ca' reaction. The concepteason behind such an observation. It has been routinely stated
of hardness has drawn special attention due to the discovery Ofthat those observations are the consequences of the PMH. In
the principle of maximum hardness (PMH)’ which states that, the present study, we have made a critical analysis of the
Enderhconstgnu and ”’I ’ézs_r;_ﬁu'd be maximum wh%n €Ner9Y  hardness profile along the reaction coordinate of a chemical
has the minimum value. The constraints O andwv are —raaction in terms of the change in energies ofth& — 1 and
impossible to satisfy during the course of a chemlcal reac_t|on, N + 1 electron systems. The effect of various constraints on
and Fhus,che PMH. r’r;]ay TJOt holi well ((j:lu_rlng a Chem'calfthe hardness profile has been analyzed, and conditions when
reaction. owiver, It has been observed in mana/ types Odthe hardness profile passes through a minimum at the TS are
reactions, such as inversion, isomerization, exchange, andgiscyssed. In this context, it should be mentioned here that the
T Research Center for Developing Fluorinated Greenhouse Gas Alterna- change of Ope.ratlonal hardness and Cheml.cal potential anng a
tives. reaction coordinate was discussed before in terms of chemical
*Research Institute for Computational Sciences. binding for a diatomic proces$$.1°The conditions under which
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the PMH holds well were derived in terms of the stability of any extremum at the TS, since neither of the two conditions
the cationic and anionic specitslt has also been shown that  mentioned above is likely to be satisfied in the majority of the
when operational definitions are used, the PMH can be identified cases.

as the principle of maximum ionization energy or minimum Numerical evidencg-16-22suggests that the extremum in the
electron affinity under constant chemical potentfalMost hardness profile at the TS region should be a minimum. That
importantly, it was pointed out that the rigorous and operational the hardness would be a minimum at the TS can be expected
definition of hardness may not always lead to the same also from other grounds. Long ago Bader pointed out that an
conclusiont® In the present paper, we discuss the conditions of activated complex, which frequently corresponds to the TS,
obtaining an extremum in the hardness or chemical potential should have low-lying excited states, or a very small HOMO
profiles in terms of variations of individual energy components LUMO gap?3 For a minimum at the TS of a hardness profile
for the neutral, cationic, and anionic species along the reactionfor a reaction, in addition to the condition mentioned above,
coordinate. Special emphasis has been given to the variationghe following condition must also be satisfied:

of individual energy components at the TS, and the conditions

for an extremum in the hardness profile at the TS have been aZEW1I

=N & Ey
identified. '

+ —-MN.>0 (1)
8q2 ITS 8q2 TS

aqz ITS

2. Hardness Profile
Now at the TS, since

From the finite difference formula of eq 4, the operational  (32Ey/3g?)|rs < O,

hardness can be written as the third term in the above expression is always positive. The
curvatures of the energy profiles for tie — 1 andN + 1
n= l/2(EN_l + Ev — 2By @) electron systems thus primarily determine whether an extremum

in the hardness profile will be a maximum or minimum. Very
whereEn-1, En+1, andEy are, respectively, the total energies recently, Jaque and Toro-Labbe studied the reaction profile for
of theN — 1, N + 1, andN electron systems at the equilibrium the double-proton-transfer processes in bimolecular complexes
geometry of theN electron system. For a chemical process, the of formic acid and dithioformic acié® They observed that a
change in hardness along the reaction coordingtesan be maximum in the energy profile (TS) corresponds to a minimum

expressed as value of hardness and concluded the PMH holds even though
the chemical and external potentials are not constant along the
oy _ 1|9En—1 OB OBy 8 reaction profile. We emphasize that the minimum at the TS in
8_q_§ a_q aq - E (8) the hardness profile for the double-proton-transfer reactions
arises merely due to the symmetric nature of the energy profiles
Now at the TS, sinc&y attains its maximum value, ( for theN, N — 1, andN + 1 electron systems, when each of
AEN/Aq)|Ts = O these three energy profiles has an extremum at the TS. Thus,
the right-hand side of eq 8 becomes equal to zero at the TS and
y 1/ 9EN_1 | =N the hardness profile has an extremum at the same point. The
anTs =3 aq IS + Taq TS (9) observatior?? therefore, should not be interpreted as a conse-
guence of the PMH.
Hence, Now let us consider the change in along the reaction
(ml3a)|s coordinate. From eq 3 one can write
will be equal to zero only when N
w="To[Enyy — Byl (12)
8EN—l aEN+1
a—q|TS_ 8—q|TS (10) The change inu along the reaction coordinate can thus be
expressed as
Thus, the operational hardness profile goes through an extremum
at the TS when (i) the slope of the energy versus reaction a_ﬂ_l(aENH B aEN—l) (13)
coordinate curve for th&l — 1 electron system is equal and aq 2\ aq aq

opposite to that for th&l + 1 electron system at the TS and

(i) both the energy derivatives in eq 10 are equal to zero. The If x remains constant along the reaction profile, then
second condition can be satisfied when energy profiles for the  du/dq = 0,

N — 1 andN + 1 electron systems have extrema at the TS. For  and

a symmetrical reaction profile, the second condition is always

satisfied at the symmetric point, and thus, it can logically be 0Ey_1 _ 09BN+,

concluded that the operational hardness profile along the reaction aq  dq

coordinate has an extremum at the symmetric point. For

example, thés, TS for the inversion of NBmust correspond When u is not constant along the reaction coordinate, an
to an extremum of hardness. The effect of symmetry on the extremum foru should appear at a point in the chemical
hardness profile was pointed out before by oti?é#d.Pal et potential profile when eq 14 is satisfied. Equations 10 and 14
al2% studied the variation of the hardness and chemical potentialcan be satisfied simultaneously only when both the energy
in asymmetric variations of the nuclear potential about the derivatives are equal to zero. Noteworthy is that for a sym-
unstable equilibrium position of a linear water. Makbv  metrical reaction profile eqs 10 and 14 can simultaneously be
observed that the hardness is an extremum with respect tosatisfied at the TS and both the hardness and chemical potential
symmetry-breaking variations about a symmetric configuration have an extremum at the TS. In general, the condition of
of the nuclei. In general, the hardness profile will not show constantu (eq 14) leads eq 8 to

(14)
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oEy_, OE AIE 1.0+ y N1
3_’7=[ -1 95| _ AIE) (15) : s
aq | aq  aq aq - x /

Thus, under a condition of constantthe variation in hardness

is the same as the variation of IE. Otherwise, the variation in
hardness can be considered the opposite of the variation of EA.
Similar conclusions were reached before by Pal and co-
workers!® Assuming the Fukui functiorfi(r) asf(r) = p(r)/N

and a constant value pf Gazquez et at* derived the following
expression:

0.0

-0.5

Relative Energy (in eV)

AE ~ —(1/2)N2A17 (16) " 50 60 70 8 90 100 110 120 130
" Angle between the C3 axis and the N-H bond
Thus, when a system evolves toward a state of greater hardness,
under a condition of constant, its stability increase’!
However, our above-mentioned analysis shows that the PMH
may not hold in many cases even wherremains constant,
unless other conditions as mentioned above are also satisfied.
The hardness profile may have an extremum at any point
along the reaction coordinate if the right-hand side of eq 8
becomes equal to zero due to cancellation of the numerical
values of the energy derivatives. An extremum in the chemical
potential profile can also appear at a point along the reaction 50
coordinate where the slopes of the energy profiles of the cationic
and anionic systems are equal (eq 14). There is no reason to 1
believe that extrema in the energy profiles of the cationic and (B) —
anionic systems have to always be at the TS, and thus the 4.5 TS
chemical potential profile may not exhibit any extremum at the 60 70 80 90 100 110 120
TS. Like the hardness profile, the chemical potential profile will
also go through an extremum at the TS in the case of a
symmetric reaction profile. Figure 1. (A) Change in energies at the B3LYP/6-311G(2d,p) level
Similarly, one can go through the whole analysis of the for the neutral i), cationic \ — 1), and anionic Nl + 1) systems
hardness and chemical potential profiles based on the operationaf'©"d the reaction coordinate (the angle betweenGhaxis and the
definitions using HOMO and LUMO energies (egs 5 and 6). —H bond in degrees) for inversion of NHB) Change in the hardness
. . . and negative of the chemical potential along the reaction coordinate
The hardness and chemical potential will show an extremum at tor inversion of NH,
the TS only when the HOMO and LUMO energies have extrema
at the TS, i.e.

6.0+

5.5 g s

-wm (in eV)

Angle between the C3 axis and the N-H bond

systems were then determined at the same level keeping the

geometries fixed as in the correspondiglectron system. The

same procedure was followed for the isomerization of HCN to

s l;s=0 (17) HNC. In this case, the NCH angle was taken as the reaction
aq aq coordinate.

. . . ) o . Figure 1A shows the variation of the energies of ;\ahd
Since this condition is unlikely to be satisfied in the majority o corresponding cationic and anionic systems with the change
of the cases, the hardness profile cannot have any extremum af, reaction coordinate for inversion. The energy of the neutral
the TS even under a condition of constant system shows a maximum when the geometry o Kecomes
planar (at the value of 90for the reaction coordinate), which
corresponds to the TS for inversion of NH he energy profiles

Three representative examples are taken for providing nu- for the cationic and anionic species also have, respectively, a
merical demonstrations of the theoretical results obtained in theminimum and a maximum at the TS. Thus, egs 10 and 14 can
previous section. The first example is the inversion of ammonia. be satisfied at the TS, and both the operational hardness and
Incidentally, this example was also used when the hardnesschemical potential profiles should have extrema at the TS. The
profile was first demonstrated in support of the PNMHThe magnitudes of the curvatures of the energy profiles forNhe
inversion of ammonia like motion for methyl radical (gHs N — 1, andN + 1 electron systems determine (see eq 11)
taken as the second example, and isomerization of HCN to HNC whether the extrema in the hardness and chemical potential
is considered as the third example. In all the cases, the hardnesgrofiles will be a maximum or minimum. In the case of inversion
and chemical potential values were calculated by using eqs 3of NHz, Figure 1A shows thatEn-1/00?)|ts > 0 and (0%En+1/
and 4. IEs and EAs were calculated by tN8CF procedure,  dgd)|rs < 0. Since §°En/9g?)|ts is always negative and the
i.e., by performing separate SCF calculationsMpN — 1, and magnitudes of PEn+1/9g%)|1s and En/0g?)|1s are quite close
N + 1 electron systems. The energy of each system wasfor the inversion of NH, the hardness profile should go through
calculated at the B3LYP level with the 6-3t%G(2d,p) basis a minimum at the TS, whereas the chemical potential profile
set. In the case of NH(CHs), the angle between th€; axis should have a maximum at the TS. Figure 1B presents the
and the N-H (C—H) bond was taken as the reaction coordinate. variation of the hardness and chemical potential values of NH
The geometrical parameters of NKICH3) were optimized at along the reaction coordinate. As expected, the hardness goes
the B3LYP/6-31#+G(2d,p) level for each value of the reaction through a minimum and the chemical potential passes through
coordinate. The energies of tié — 1, andN + 1 electron a maximum at the TS. From the variations of energiebl,dfl

d€uomo,  _ %€Lumo,

3. Numerical Demonstrations
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Figure 2. (A) Change in energies at the B3LYP/6-31£G(2d,p) level Figure 3. (A) Change in energies at the B3LYP/6-313G(2d,p) level
for the neutral k), cationic N — 1), and anionicl{ + 1) systems  for the neutral ), cationic N — 1), and anionic Nl + 1) systems

along the reaction coordinate (the angle betweenGhaxis and the ~ along the reaction coordinate (the-@—H angle in degrees) for
C—H bond in degrees) for inversion of NHike motion of the CH isomerization of HCN to HNC. (B) Change in the hardness and negative
radical. (B) Change in the hardness and negative of the chemical of the chemical potential along the reaction coordinate for isomerization
potential along the reaction coordinate for £H of HCN to HNC.

— 1, andN + 1 electron systems (Figure 1A), it can be expected This is primarily due to the fact that in this cagéBin-1/307)leq
that there will not be any other extrema along the hardness > 0, which overwhelms the slightly negative values arising from
profile except that at the TS. The same observation can be made~ (En/d07)leq and @%En+1/007)leq , and the left-hand side of
from the variation ofy in Figure 1B. It should be emphasized €d 11 becomes a positive quantity.
here that the symmetry of the reaction profile is responsible for ~ The situation is found to be more complex in the case of
the existence of extrema at the TS for the three energy profilesisomerization of HCN to HNC. Figure 3A displays the variation
(En, En—1, andEn+1), and as a consequence both the hardness of the total energies of the neutrall); cationic N — 1), and
and chemical potential profile also have extrema at the TS. It anionic (N + 1) systems along the reaction coordinate (NCH
is also clear that the PMH can hold well even when neither  angle) for the isomerization of HCN to HNC. It is clear from
nor v remains constant if the energy profiles for the- 1 and Figure 3A that the extrema in the energy profiles for bhe-
N + 1 electron systems satisfy certain conditions. The HOMO 1 andN + 1 electron systems do not appear at the TS)70
and LUMO energies of Nklare also found to attain their  For theN — 1 electron system the energy maximum occurs at
maximum values at the TS for inversiéhThus, it can be said ~ 80°, and in the case of thd + 1 electron system the maximum
from eq 17 that the operational hardness calculated from the appears at 60 Consequently, eq 10 can be satisfied at the TS
HOMO and LUMO energies (eq 6) will go through an if the slopes of the energy profiles for tie— 1 andN + 1
extremum at the TS. electron systems are equal to and opposite each other at the
In the case of the C¢radical, the variation off andu along TS. However, Figure 3A demonstrates that these two slopes
the reaction coordinate corresponding to inversion of an are not equal to each other at the TS, and thus the hardness
ammonia molecule is found to be quite interesting. At equilib- profile should have no minimum at the TS. This is precisely
rium, the CH radical has a planar configuration. Figure 2A the case, as evidenced from the hardness profile shown in Figure
displays the variation of energies for the €kadical and its 2B. Since eq 14 also cannot be satisfied at the TS, there will
cationic and anionic forms along the reaction coordinate (the not be any extremum at the TS in the chemical potential pofile
angle between th€; axis and the €H bond). Due to the as well. The hardness profile for the isomerization of HCN to
symmetric nature of the reaction coordinate, all three energy HNC has a few local extrema which appear when the numerical
profiles go through an extremum at the equilibrium configuration values of the slopes of the energy curvesNpiN — 1, andN
of the CH; radical (90). Consequently, the hardness and + 1 electron systems cancel each other and the right-hand side
chemical potential profiles also have extrema (see Figure 2B) of eq 8 becomes equal to zero. For example, the maximum in
at the equilibrium configuration of the GHadical. Now the the hardness profile at 8@ccurs from the rapid increase in
interesting point is that the hardness attains its minimum value the energy of thé\ + 1 electron system, whereas the minimum
when the energy of the GHadical reaches its minimum value. at 9 arises from the rapid decrease in the energy ofNhe
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1 electron system. Meanwhile, the maximum and minimum of along the reaction coordinate cannot be considered in light of
the chemical potential appear around &0d 100, respectively, the PMH. Thus, the observations made from a symmetric
which also results from the above-mentioned rapid change in reaction profile cannot be considered as tests of the PMH as
the energy of theN + 1 electron system. Noteworthy is that suggested befor€:2> This is a natural conclusion, since the
the positions of extrema for the chemical potential are not the prerequisites of the PMH, constant chemical and external
same as in the hardness profile. This is obviously due to the potentials, cannot be satisfied all along the reaction coordinate
unsymmetrical nature of the reaction coordinate for isomeriza- of a chemical process.

tion of HCN to HNC, along which egs 8 and 13 cannot be equal

to zero at the same position. References and Notes
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